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There have been several recent studies concerning feedforward net-
works and the problem of approximating arbitrary functionals of a
finite number of real variables. Some of these studies deal with cases
in which the hidden-layer nonlinearity is not a sigmoid. This was
motivated by successful applications of feedforward networks with
nonsigmoidal hidden-layer units.

This paper reports on a related study of radial-basis-function (RBF)
networks, and it is proved that RBF networks having one hidden layer
are capable of universal approximation. Here the emphasis is on the
case of typical RBF networks, and the results show that a certain class
of RBF networks with the same smoothing factor in each kernel node
is broad enough for universal approximation.

1 Introduction

There have been several recent studies concerning the capabilities of
multilayered feedforward neural networks. Particularly pertinent to this
paper are results that show that certain classes of neural networks are
capable of providing arbitrarily good approximations to prescribed func-
tionals of a finite number of real variables. From the theoretical point
of view, these studies are important, because they address the question
of whether a satisfactory solution is yielded by some member of a given
class of networks. More specifically, suppose we have a problem that we
want to solve using a certain type of neural network. Suppose also that
there exists a decision function f : R — R™ whose implementation as a
network plays a central role in the solution of the problem. Imagine that
we have a family G of functions mapping " to ®™ characterized by a
certain structure and having certain elements (e.g., one might consider a
set of multilayered perceptrons), and that we hope to solve the problem
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by implementing some satisfactory member of . The first question we
need to consider might be: Is this family ¢ broad enough to contain f
or a good approximation of f? Obviously, attempts to solve the problem
without considering this question might be very time-consuming and
might even be fruitless.

Several papers address this question for the case of multilayered per-
ceptron models with sigmoidal nonlinearities, and affirmative answers
have been obtained by showing that in a satisfactory sense the family G
considered can actually approximate any decision function drawn from
a certain large class (Cybenko 1989; Hornik et al. 1989).

At the present time, with the advantages and limitations of mul-
tilayered perceptron networks more transparent and with results con-
taining comparative studies becoming available (e.g., Lippman 1989), re-
search concerning different types of feedforward networks is very active.
Among the various kinds of promising networks are the so-called radial-
basis-function (RBF) networks (Lippman 1989). The block diagram of a
version of an RBF classifier with one hidden layer is shown in Figure 1.
Each unit in the hidden layer of this RBF network has its own centroid,
and for each input = = (1.5, ....2,), it computes the distance between x
and its centroid. Its output (the output signal at one of the kernel nodes)
is some nonlinear function of that distance. Thus, each kernel node in the
RBF network computes an output that depends on a radially symmetric
function, and usually the strongest output is obtained when the input is
near the centroid of the node.

Assuming that there are r input nodes and 7 output nodes, the overall

Output

Figure 1: A radial-basis-function network.
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response function without considering nonlinearity in an output node has
the following form:

M T — 2 M | =zl
W, K 2V =S, g 20 1.1
; < ad; > ; g ( a; ) ( )

where M € N the set of natural numbers is the number of kernel nodes
in the hidden layer, W; € R is the vector of weights from the ith kernel
node to the output nodes, » is an input vector (an element of R"), K
is a radially symmetric kernel function of a unit in the hidden layer, z;
and o; are the centroid and smoothing factor (or width) of the ith kernel
node, respectively, and ¢ : [0.oc) — R is a function called the activation
function, which characterizes the kernel shape.

A gaussian function is often used as an activation function, and the
smoothing factors of kernel nodes may be the same or may vary across
nodes.

In this paper, RBF networks having the representation 1.1 are stud-
ied. Strong results are obtained to the effect that, under certain mild
conditions on the kernel function K (or the activation function ¢), RBF
networks represented by 1.1 with the same o; in each kernel node have
the capability of universal approximation. Cybenko (1989) also consid-
ers feedforward networks with a single hidden layer of kernel functions.
However, only L' approximation is considered in the corresponding part
of Cybenko (1989), and only the case in which the smoothing factors
can vary across nodes is addressed. A detailed comparison is given in
Section 3.

This paper is organized as follows: In Section 2 our main results are
presented, and in Section 3 a discussion of our results is given.

2 Main Results

In this section, we consider the approximation of a function by some
element of a specific family of RBF networks.

Throughout the paper, we use the following notation and definitions,
in which A/, ® and R" denote the set of natural numbers, the set of real
numbers, and the set of real r-vectors, respectively. Let LP(R"), L>(R"),
C(R"), and C.(R"), respectively, denote the usual spaces of R-valued
maps f defined on R such that f is pth power integrable, essentially
bounded, continuous, and continuous with compact support. The usual
L? and L> norms are denoted by || - ||, and || - ||~ , respectively. The
integral of f € L'(R") over a Lebesgue measurable set A in R" is written
as [4 f(x)dx or, if [ is a function of several variables and, say, f(a,-) €
LYR") we write [, f(a.x)dz to denote the integral of f{a.-) over A. The
convolution operation is denoted by “ #,” and the characteristic function
of a Lebesgue measurable subset A of R" is written as 1 4.
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The family of RBF networks considered here consists of functions
¢ :R" — R represented by

) = [ZU;“" K <'T — Z’) 2.1

T

where M e N, 0 >0, u;, ¢ R, and 2, e R" fori=1...... V. We call this
family Sg.

Note that 2.1 is the same as 1.1, with the exception that the smoothing
factors in all kernel nodes are same, and the output space is R instead of
R™. Tt will become clear that the extension of our results to multidimen-
sional output spaces is trivial, and so we consider only a one-dimensional
output space.

We will use the following result, which is a slight modification of a
theorem in (Bochner and Chandrasekharan 1949, p. 101).

Lemma 1. Let f € LP(R"), p € [l.x), and let & : R — R be an inte-
grable function such that [y, ¢(x)dr = 1. Define o : R — R by o (x) =
(1/e")p(/e) for ¢ > 0. Then || ¢+ f — f | ,— 0 as e — 0.

Proof. Note that ¢, € L'(R"). By a direct extension from R to R" of a
standard theorem in analysis (Bochner and Chandrasekharan 1949, p. 99),

one has ¢, * f € L?(R"), which is used below.
By a change of variable,

(¢ * [)ev) = /R Sl =)o (x)de = /;\Rr floo—ex)o(x)dr
Thus,
[ (de* f)la) = fla)| = | / « —ex) — fla)]o(w)dr |

With ¢ defined by 1/p+ 1/¢ =1,

IN

| dexf=Ffll, sup / | (o \/ (o —ex) — f(o) |
he La(R"),||h]l,=1"
| alr) | deda

sup / | o(a |/]]/(1
leLa(R )], =1

S Sl —ex) — fo) | dodz
L1010 =)~ 1) e
Jw

Il

IN

by Fubini’'s theorem and Holder’s inequality.
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Since || f(- —ex) — f(-) [,< 2| f ||, and translation is continuous in
LP(R") (see Bochner and Chandrasekharan 1949, p. 98, and consider its
direct extension to R") we have

N e f—fl,—0 as e—0

by Lebesgue’s dominated convergence theorem. This proves the lemma.

Our Theorem 1 (below) establishes that, under certain mild conditions
on the kernel function K, RBF networks represented by 2.1 are capable
of approximating arbitrarily well any function in L?(R").

Theorem 1. Let K : R — R be an integrable bounded function such that K
is continuous almost everywhere and [y, K(x)dz # 0. Then the family Sk is
dense in LP(R") for every p € [1. 00).

Proof. Let p € [1,00), f € LP(R"), and € > 0.

Since C.(R") is dense in LP(R") (Rudin 1986, p. 69), there exists an
f. € C.(R") such that || f. — f ||,< ¢/3. We will assume below that f is
nonzero. Notice that this involves no loss of generality.

Let ¢ : R” — R be defined by ¢(z) = (1/ Jprk(ayaa) - K (z), for z € R
Then ¢ satisfies the conditions on ¢ in Lemma 1. Thus, by defining
bs : R — R as in Lemma 1, we obtain || ¢, * fo — fe |,— 0 as o — 0.
Therefore, there is a positive o such that || ¢, * fo — fe [l< €/3.

Since f. has compact support, there exists a positive T such that
suppf. C [-T.T]". Note that ¢,(a — -)fe(-) is Riemann integrable on
[—T,T]", because it is continuous almost everywhere and is bounded by

Define v, : R" — R by

v 27\’
vp(a) =3 dola — ag) folos) (—n—>

i=1
where the set {o; € R :i =1,2,....,n"} consists of all points in [T, T]"
of the form [T + (2i,7/n),..., =T + (2i,.T/n)l, i1, 42, ... %r = 1,2,..., 0.
Note that v,(c) is a Riemann sum for f_; g ¢ola — z)fe(z)dz, and
Sz @ole — ) fo(x)dz = [ ¢o(a — z) fe(x)dz = (b6 * fc)(a). Thus, for
any a € R, v, (@) — (¢o * fo)(a) as n — oo. Since ¢, * fe € LP(R7), there
is a positive T1 such that

/wwn,mr | (@0 % fe)la) P dor < (¢/9)

Since ¢, is bounded and ¢, € L'(R"), we have ¢, € LP(R"). Thus, there
exists 75 > 0 such that

€

Jorry gy | 9@ P < (9 7 T (m)
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Note that | v, (o) [<]| fo || (27)(1/n") S, | é0(a—a,) |. By Jensen’s

inequality (Rudin 1986, p. 62),

i=1

. » ,
1 143 ‘ ] i

{ ’ Z | @lar — o) } < — | Oo(cv — ;) |”
7

Therefore,
v e g v l A P
=1
Define Ty = max(77. 7> + 7). Using | ov;; |[< T forall j € {1.2..... r},

/ | Oolcv — ) [P da < / | Oqp(v) |V do
JRALTy T Jrn\(=m 13y

and so
/ o () |7 doe < (¢ /9) 2.2)
RA=Ty. Ty

Also,
/ | (95 % fo)(er) [P da < (¢/9)P (2.3)
SRN[=Ty T

because Ty > Tj. Since ¢q * f. € LP(R") and || v, |[«<|| @0 NIl fo Il
(27)". one has

/ | (¢ * fo)(a) — v (@) [P dov — 0 as n — x
=Ty Ty]"

by the dominated convergence theorem. Thus, there is an N € N for
which

/ | (6, * fo)la) — ox(a) |7 dov < (c/9)F
[Ty )
Therefore, using 2.2 and 2.3,
[ on —doxfell, < lon Tenenmy o+ (on — 00 = fo)

ey + (@0 * fo) - Trn-zm) lp
< €/94¢€/9+¢/9=¢/3
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From the above, || vx — f ||,< €. Since

N’ N
on () = Z@n( — i) felo) <2T> Z wik ( ) €

=1
with

1, 2T, 1
e (r"'j"(('y')( N ) S K (2)da
the proof is complete.

By K radially symmetric, we mean that || « H;_:H y |2 implies K (x) =
K(y). In this case, the activation function ¢ : [0.oc) — R is obtained by
defining ¢(d) = K(z). where z is any element of R"
Therefore, in the case of radial symmetry, 2.1 can be written as

Zu ( ) Zu,q(ll—zlllz>

Note that there is no requirement of radial symmetry of the kernel
function K in the above theorem. Thus, the theorem is stronger than
necessary for RBF networks, and might be useful for other purposes.
Similarly, in the following theorem and corollaries, radial symmetry of
the kernel function K is not assumed, even though we are interested
primarily in radial-basis-function networks.

If we interpret the term “radially symmetric” more generally than
literally, then we may say that K is radially symmetric with respect to
|| - lif || # ||=] v || implies K () = K(y). where || - || is some norm defined
on R". With this generalization in mind, we sometimes use || x — z; || for
the distance between x and z; instead of || z — z; ||

A slight modification of Theorem 1 given below addresses the case in
which the function f we wish to approximate with an RBF network is
not an element of L?(R"), but an element of L‘I’Z}&(S‘E"‘) for some p € [1. ).
Here the locally-L? space L{ (R"), 1 < p < o is defined as the set of all
measurable f : %" — R such that f -1y np € LP(R") for every N € N.
One way to define a metric on L (R") is by

— —n H (f - g) . 1[—n.n]" Hp
ockJ:9) — 27"
4 (f J) Z 1+ H (f - (1) : 1[*71%]" “p

n=1

The following is direct corollary of Theorem 1.

Corollary 1. Let K : ® — R be an integrable bounded function such
that K is continuous almost everywhere and [. K (x)dx # 0. Then the
family Sk is dense in L} (R") for every p € [1.00).

loc

Proof Let p € [1.00). f € Li (R"). and € > 0. Choose m € A such that
n= m+1 27" < 6/2
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Since f - 1[_pm,m) € LP(R"), by Theorem 1 there is a v € Sk such that
| £ 1i—mmp — v |[p< €/2. Thus,

p

Poc(frv) < D0 27+ 327 (f =) Lmnmy
n=1

n=m-+1

< €24+ || (f = v) - mm,myr

which establishes the corollary.

Theorem 1 and Corollary 1 concern approximation with respect to
the L? metric or a metric induced by L? metric. We next give a theorem
concerning the approximation of continuous functions with respect to a
metric induced by the uniform metric.

lp<e

Theorem 2. Let K : %" — R be an integrable bounded function such that K
is continuous and [y, K(x)dz # 0. Then the family Sy is dense in C(R") with
respect to the metric d defined by

— - —n H (f - g) ) l[—n,n]"

W9 = L 2 L = g T

Proof. Let f: R" — R be any continuous function, and ¢ > 0. Define

¢ : R" — R by normalizing K, and define ¢, : R — R for & > 0 as in the
proof of Theorem 1.

Pick a natural number m such that 2™ < ¢/3, and then choose a
positive 7' such that T' > m.

Since f is continuous on the compact set [—m,m]", we can obtain a
nonzero continuous function f : ®” — R with the property that f(z) =
f(z) for z € [-m,m]", and f(z) = 0 for z € ®"\ [T, T)". Note that f is
bounded and uniformly continuous.

Using ¢ € L'(R"), pick a positive Ty such that

[ee)

oo

€
£ 24
/r\[%,mr o) [ do < 12 f lleo @9

Since f is uniformly continuous, there is a § > 0 for which ||z — y |j,< §
implies

| f(2) = F() |

€

e —
61 ¢l

Choose o > 0 such that || oz |,< 6 for all # € [Ty, Ty|". Let o € [~m, m]".
Then using 2.4 and 2.5,

(@ = D@-fl@] < [ | fla-oz)~fa)1-| o) | do
S [y | =05 = @) || 9(a) | do

+/W\[_T07TO]2 [ Flloe - 16() | dz<e/3  (2.6)

”

(2.5)
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Note that (¢, * f)(a) = Jier7) 0ol — x)f()dr. Define v, : R" — R by

0al0) = 3 daf = ) fla) (%
i=1

where the set {o, € R" 1 i =1.2..... n"} consists of all points in {—T.77]"

of the form [T + (2i1T/n)..... ~T + (20, T/n)], i1..... iho=1..... n.
Since the map (s.x) — o,(s — o) f(r) is uniformly continuous on

[—m.m]"x[-T.TI", thereis a 8y > O such that s € [—m.m]", v.y € [-T.T]"

with || 2 — y [Ja< & implies | ¢, (s —x) f{x) — 0o (s — y)fy) |< ¢/32T)" Tt
easily follows that for n > 2/rT/é,

| v, () — / Oolov — ) fa)da |< €/3 2.7)
[-T.7)"
Choose N € A such that N > 2/7T/&. Then using 2.6 and 2.7,

Lon{o) — fa) |< 2¢/3

in which o € [—m.m]" is arbitrary. Since f(x) = f(x) for x € [—m.m]",

: : - — || (}l - ('A\“')l[fn,.n]’ HX
d{vx. f) = ol -
/1,2::1 1+ || (]L - /l'f\')l[f/z,.n,]" HX

g H (f4 F}\“’)‘l[fm.m]’ H'x + Z 27" < ¢

n=m+1

which finishes the proof.

The statement in Theorem 2 is equivalent to the statement that Sk is
uniformly dense on compacta in C'(R") under the indicated conditions on
K. That is, under the conditions on K of Theorem 2, for any continuous
function f : ®" — R, for any ¢ > 0, and for any compact subset C' C R”,
there exists a ¢ € Sk such that || (¢— f)-1¢ |le< €. Thus, by a useful rela-
tionship between uniform convergence on compacta and convergence in
measure (Hornik ef al. 1989, lemma 2.2), we have the following corollary:

Corollary 2. Let p be a finite measure on R". Then under the conditions
on K of Theorem 2, the family Sk is dense in C(R") with respect to the
metric p, defined by p,(f.g) = inf{e > 0 : pf{a € R | f(x) — g(x) [>
€} <}

3 Conclusions and Discussion

The results in Section 2 establish that under certain mild conditions on
the kernel function, radial-basis-function networks having one hidden
layer and the same smoothing factor in each kernel are broad enough for
universal approximation. This provides an analytical basis for the design
of neural networks using radial basis functions.
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To the extent that the results of this paper bear on the approximation
of a function in L'(R") with a finite sum Y, w; - K(- — 2;/0;) of kernel
functions, there is some overlap of a part of Cybenko (1989) and this
study. Using a theorem due to Wiener (Rudin 1973, p. 210) and the
pertinent argument used in Cybenko (1989), it can be shown that the
set {>M w; - K(-—zijo;) : M € N, w; € R, 2 € R", 0, # 0} is dense
in LY(R"), under the condition that K € LY(R") and [ K(z)dz # 0.
This certainly shows the capability of certain RBF networks with respect
to approximating an arbitrary L' function. However, note that here the
smoothing factor o; in each kernel node has a full degree of freedom, that
is, the ;s can have different values across the kernel nodes. Thus, the
major differences between this L' approximation and the results given
in Section 2 concern the class of RBF networks considered as well as the
metrics used.!

From the theoretical point of view, this condition concerning the same
smoothing factor is often very important, because many studies are con-
cerned with approximation using the functions Y w; - h(|| - — z; [|)
(Broomhead and Lowe 1988; Powell 1985; Sun 1989), and radial basis
functions with the same smoothing factor in each kernel node are often
used in real applications (Broomhead and Lowe 1988). In connection
with studies of approximation using radial basis functions, the recent re-
sults concerning the solvability of radial-function interpolation (Powell
1985; Sun 1989) are interesting, because they are directly applicable to
the training of neural networks of the type we have focused attention
on. These studies (Powell 1985; Sun 1989) are concerned with the inter-
polation of data by the m functions h(]| - — z; ||), ¢ = 1,...,m, when the
data (z;,y;) with z; € R",y; € R.i = 1,...,m are given. More precisely,

the existence of a unique interpolant >°;2; w;, - h(|| - — z; ||} for distinct data
(zi,y:;) with z; € R",y; € R,i=1,...,m has been shown for a certain class
of pairs of h and || - ||. This existence leads us to an interesting obser-
vation: Suppose that training data (z;,3:),¢ = 1,...,m are given, where
LeER,y;=1ifz, € Ay, =—-1if z, € B,and A, B C R with AN B = {.
From the given data, construct a new data set z; € ™, =1,....m, by
defining

o= [g(” Zl;zl |\>’.'_,g< Zi;Zm Hﬂ

Note that z; € ™, while z; € ®". Then by the above existence property,

!In this connection, Wiener’s theorem referred to above can also be used to give a
direct proof that L! approximations can be achieved with linear combinations of trans-
lates of any element of L!'(R") whose Fourier transform never vanishes. The gaussians
exp(—a || - |j3) are examples of such functions.
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for certain classes of g and || - ||, there exist A\; e R.j =1..... m such that
for each i e {1.2..... m}.

Thus, with A = (A, M. ..., A)T, A > 0if 2, € A and 27A < 0if 2, € B,
In other words, {(z7.y) : 7 = 1.2..... m} is linearly separable in this
case. Therefore, the perceptron learning rule suffices for the training of
this network.

Additional related papers are (Hartman et al. 1990; Sandberg 1991).
The work of Hartman et al. (1990), which appeared after this work was
completed, considers gaussian functions and approximations on com-
pact subsets of R" that are convex. It is shown there that networks with
a single layer of gaussian units are universal approximators. In Sand-
berg (1991) more general results for gaussian functions are given as a
special case of propositions concerning the uniform approximation of
functionals defined on compact subsets of spaces that need not be finite
dimensional. Also, it is observed in Sandberg (1991) that (what might
be called) “function-space feedforward neural networks” with an input
layer of bounded linear functionals and just one hidden nonlinear layer
are universal approximators of real continuous functionals on compact
subsets of a normed linear space.

Acknowledgments

This work was supported in part by the National Science Foundation
under Grant MIP-8915335.

References

Bochner, S., and Chandrasekharan, K. 1949. Fourier Transform. Princeton Uni-
versity Press, Princeton, NJ.

Broomhead, D. S., and Lowe, D. 1988. Multi-variable functional interpolation
and adaptive networks. Complex Syst. 2, 321-355.

Cybenko, G. 1989. Approximation by superpositions of a sigmoidal function.
Math. Control, Signals, Syst. 2, 303-314.

Hartman, E. ]., Keeler, J. D., and Kowalski, ]. M. 1990. Layered neural networks
with gaussian hidden units as universal approximations. Neural Comp. 2,
210-215.

Hornik, K. M., Stinchcombe, M., and White, H. 1989. Multilayer feedforward
networks are universal approximators. Neural Networks 2, 359-366.

Lippman, R. P. 1989. Pattern classification using neural networks. IEEE Com-
mun. Mag. 27, 47-64.



Radial-Basis-Function Networks 257

Powell, M. J. D. 1985. Radial basis functions for multi-variable interpolation: A
review. IMA Conference on Algorithms for the Approximation of Functions
and Data, RMCS Shrivenham, UK.

Rudin, W. 1973. Functional Analysis. McGraw-Hill, New York.

Rudin, W. 1986. Real and Abstract Analysis, 3rd ed. McGraw-Hill, New York.

Sandberg, I. W. 1991. Gaussian basis functions and approximations for nonlin-
ear systems. Proceedings of the Ninth Kobe International Symposium on Elec-
tronics and Information Sciences, Kobe, Japan.

Sun, X. 1989. On the solvability of radial function interpolation. Approximation
Theory VI 2, 643-646.

Received 17 September 1990; accepted 25 January 1991.



